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The linear theory of micromorphic electroelasticity, which incorporate the coupled electromechanical
behavior into the framework of micromorphic continuum theory, is used to solve the anti-plane problems
of piezoelectric media with a micro-void or micro-inclusion in this paper. The electromechanical ﬁeld
solutions for a transversely isotropic piezoelectric medium are derived in the context of micromorphic
electroelasticity and a generalized characteristic length is introduced to describe the size effect. Anti-
plane problems of an inﬁnite piezoelectric medium containing a micro-void or micro-inclusion are ana-
lyzed. Numerical results reveal that the mechanical and electric ﬁelds predicted by the present model
highly depend on the relative size of the micro-void or micro-inclusion with respect to the generalized
characteristic length, which is obviously different from the classical prediction.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials have extensive applications in engineer-
ing structures because of their potential performance advantages,
and attract further development interests in analytical, numerical
and experimental methods to characterize their behavior. With
development and industrial application of nanotechnology, more
and more microminiaturized structures and systems come forth.
However, size-dependent phenomena were found in piezoelectric
experiments when the characteristic sizes of specimens are
approximate to microns. For example, Multani and Palkar (1982)
noticed that the piezoelectric factor of PZT decreased evidently
with the decrease in grain sizes, and Mishima et al. (1997) also
found that the dielectric response of PMN ceramic was weakened
as the grain size decreased.
The classical continuum theories fail to interpret and predict
such a size dependent phenomenon at the microscopic scale, so
that some higher-order continuum theories were developed to
predict the size effect. In these theories, the micro deformation
or nonlocal terms are involved and some additional characteristic
length scale parameters are introduced in addition to the classical
material constants. As one of the most important higher-order con-
tinuum theories, the micromorphic continuum theory was devel-
oped by Eringen and Suhubi (1964a,b) and Mindlin (1964), andll rights reserved.
Materials Processing and Die
ce and Technology, Wuhan
ng).usually used for predicting mechanical behaviors of nano-micro-
scale materials with remarkable microstructures. In this theory, a
material body is considered as a continuous collection of a large
number of deformable material particles, and their deformation
has two components: macrostrain and microscopic internal strain.
In addition to the classical translational degrees of freedom of the
center, some independent degrees of freedom are introduced to de-
scribe microscopic deformation. The complete presentation about
this generalized continuum theory can be found in Eringen
(1999), and Forest and Sievert (2003). In recent years, the micro-
morphic continuum theory was successfully used to describe the
deformation of metallic foams in micro scale (Dillard et al., 2006;
Neff and Forest, 2007) and to investigate the gradient elasticity,
viscoplasticity, damage behavior and size effect in micro elastic
media (Cordero et al., 2010; Forest, 2009; Forest and Sievert,
2003, 2006).
As an important development of the micromorphic theory to
coupled multiphysics, Eringen (2003) and Lee et al. (2004) ex-
tended this theory into the micromorphic electromagnetic theory
involving electromagnetic and thermomechanical interactions.
With the help of the micromorphic electromagnetic theory, Lee
and Chen (2004) deduced the frequency-wave-vector relations of
wave propagation parallel and perpendicular to the c-axis in per-
ovskites, and Eringen (2006) obtained the dispersion relations for
vector and tensor waves. Recently, based on the micromorphic the-
ory, Cao and Yang (2010) developed the linear micromorphic elec-
troelastic theory.
Micro-cracks and micro-voids (or damages) can take place in
piezoelectric media subjected to various external mechanical and
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macro cracks eventually, and even lead to failure of piezoelectric
devices. As a result, electromechanical behaviors of piezoelectric
ceramics with various micro-defects have attracted much atten-
tion. In this paper, the anti-plane problems of piezoelectric med-
ium with a circular micro-void or micro-inclusion will be solved
by the micromorphic electroelastic theory. Section 2 will brieﬂy
present some formulations of constitutive theory of micromorphic
electroelasticity and they will be applied to solve anti-plane pro-
blems of piezoelectricity in Section 3. Section 4 will be devoted
to the numerical examples and discussions. In Section 4.1, the
stress and electric ﬁelds in an inﬁnite piezoelectric material con-
taining a circular micro-void will be given, while in Section 4.2, a
circular micro-inclusion embedded in an inﬁnite piezoelectric ma-
trix will be considered. Finally, the results will be compared with
the classical solutions and the effects of the material parameters
on the solutions will be discussed.
2. Basic equations of micromorphic electroelasticity theory
In a micromorphic continuum, motion of material points can be
described by the displacement vector ui and the second order non-
symmetric microdeformation tensor /ij. The microdeformation
tensor is independent of the displacement gradient and can charac-
terize rotation and stretch deformation of microstructure at a ma-
terial point.
The linear strain measures are deﬁned as
eij ¼ ðui;j þ uj;iÞ=2 ð2:1Þ
eij ¼ uj;i  /ji; ð2:2Þ
cijk ¼ /ij;k; ð2:3Þ
where eij, eij and cijk are the strain tensor, the relative deformation
tensor, and the microdeformation gradient tensor, respectively.
The above deﬁnition follows Forest’s presentations (Cordero et al.,
2010; Dillard et al., 2006; Forest, 2009; Forest and Sievert, 2003,
2006), but are slightly different from Eringen’s presentations (Erin-
gen, 1999, 2003; Eringen and Suhubi, 1964a,b). When only the
skew-symmetric part of /ij is taken into account, the micromorphic
theory will be reduced to Cosserat theory (Dillard et al., 2006; For-
est, 2009). But when the relative deformation vanishes, the micro-
morphic theory will be reduced to the strain gradient theory
(Mindlin and Eshel, 1968).
As conjugations of the linear strain tensors, three generalized
stress tensors are introduced in the virtual work of internal forces.
dW ðiÞ ¼ tijdeij þ Sijdeij þmkijdcijk; ð2:4Þ
where tij is the symmetric stress tensor, sij the non-symmetric rela-
tive stress tensor, andmkij the third rank hyperstress tensor. The vir-
tual work of contact forces in the boundary or any section of the
body can be written as
dW ðcÞ ¼ Tidui þMijd/ij; ð2:5Þ
where Ti and Mij are the traction vector and the surface density of
double forces in the boundary, respectively.
The generalized stress tensors satisfy the following balance
equations for the momentum and the moment of momentum in
the absence of body forces and body moments.
ðtji þ sjiÞ;j ¼ 0; ð2:6Þ
mkij;k þ sji ¼ 0: ð2:7Þ
And the corresponding boundary conditions are
ðtij þ SijÞnj ¼ Ti; ð2:8Þmkijn¼
k
M: ð2:9Þ
The electric intensity vector and the electric potential gradient
are the same in magnitude, but opposite in direction, namely
Ei ¼ u;i: ð2:10Þ
The electric displacement vector Di satisﬁes the Gauss law
Di;i ¼ qe; ð2:11Þ
and the boundary condition
Dini ¼ qs; ð2:12Þ
where qe and qs are the electric charge densities inside the body and
on its surface, respectively.
The electric enthalpy U is related not only to the strain eij and
the electric ﬁeld Ei, but also to the relative deformation eij and
the microdeformation gradient cijk, namely U ¼ Uðeij; eij; cijk; EiÞ,
so that the constitutive equations can be given by
tij ¼ @U
@eij
; sij ¼ @U
@eij
; mkij ¼ @U
@cijk
; Di ¼  @U
@Ei
: ð2:13Þ
For the linear case, the electric enthalpyU can be expanded into the
following simpliﬁed form.
U eij; eij; cijk; Ei
 
¼ 1
2
eijAijmnemn þ 12 eijBijmnemn
þ 1
2
cijkCijkmnpcmnp þ eijHijklekl
þ eijKijklmcklm þ eijLijklmcklm 
1
2
EivijEj
 eijkeEijmEm  eijkeEijmEm  cijkkcEijkmEm: ð2:14Þ
In the above equation, Aijmn; keEijm, and vij are the classical elastic
modulus, piezoelectric coefﬁcient and dielectric coefﬁcient, and
Bijmn; Cijkmnp; Hijkl; Kijklm; Lijklm; k
eE
ijm, and k
cE
ijkm are additional material
parameters in the micromorphic electroelastic theory, respectively.
They satisfy the following symmetry relations:
Aijmn ¼ Ajimn ¼ Aijnm ¼ Amnij; Bijmn ¼ Bmnij; Cijkmnp ¼ Cmnpijk; keEijm
¼ keEjim; vij ¼ vji:
The expression of U can be separated into three parts: the ﬁrst
six terms as the mechanical part, the seventh term as the electrical
part and the last three terms as the electromechanical coupling
part. In the mechanical part, the ﬁrst term is for macromotion,
the second for coupling between macromotion and micromotion,
the third for micromotion, and the last three terms for coupling
of the strain, the relative deformation, and the microdeformation,
respectively. The electrical part is consistent with the classical con-
tinuum theory. In the electromechanical coupling part, the strain,
the relative deformation, and the microdeformation gradient are
coupled to the electric ﬁeld, respectively.
Micromorphic electroelastic materials are generally hemitropic.
The terms Hijkleijekl; Kijklmeijcklm, and Lijklmeijcklm should also be in-
cluded in the above expression of electric enthalpy U. However,
it would increase the number of material parameters, especially
coupling moduli between the 2nd order stress and the microdefor-
mation gradient, so that problems are very difﬁcult to be solved.
Instead, an expression proposed for isotropic materials by Forest
and his coworker (Forest, 2009; Forest and Sievert, 2006) is used
for the mechanical part only for simplicity in this paper. Further
work will be done in the future in order to formulate the complete
hemitropic micromorphic electroelastic relation.
From Eqs. (2.13) and (2.14), the following constitutive equa-
tions can be obtained.
tij ¼ Aijklekl  keEijmEm; ð2:15Þ
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mkij ¼ Cijkmnpcmnp  kcEijkmEm; ð2:17Þ
Di ¼ keEmniemn þ keEmniemn þ kcEmnpicmnp þ vijEj: ð2:18ÞFig. 1. An inﬁnitely extended circular void embedded in a piezoelectric matrix
under uniform remote anti-plane shear strain and in-plane electric ﬁeld.3. Anti-plane problems of piezoelectricity
The micromorphic elactroelastic theory presented in the pre-
vious section is now specialized to anti-plane problems of piezo-
electric materials at microscopic scale. This paper is concerned
with a transversely isotropic piezoelectric material which is polar-
ized along the z-direction and has the xy-plane as the plane of iso-
tropy. The in-plane displacement components in the x and y-
directions are equal to zero, namely u1 ¼ u2 ¼ 0, the out-of-plane
displacement component u3 ¼ uðx; yÞ, and the electric potential
u ¼ uðx; yÞ. The non-vanishing components of microdeformation
are /31 and /32. They are arbitrary functions about x and y. Here,
/31 and /32 are assumed to be gradient of an unknown function
gðx; yÞ, i.e.
/31
/32
 
¼ rgðx; yÞ; ð3:1Þ
It will be a restriction condition of the solutions given later in this
paper. From Eqs. (2.1)–(2.3) and (2.10), the non-vanishing strain,
the relative deformation, the microdeformation gradient, and the
electric ﬁeld can be written as
e13
e23
 
¼ ruðx; yÞ; ð3:2Þ
e13
e23
 
¼ ruðx; yÞ  rgðx; yÞ; ð3:3Þ
c311
c312
c321
c322
8>><
>>:
9>>=
>>;
¼ rrgðx; yÞ; ð3:4Þ
E1
E2
 
¼ r/ðx; yÞ; ð3:5Þ
where r is the two-dimensional gradient operator. The nontrivial
components of tij; sij; mkij, and Di are
t13
t23
 
¼ Aruþ k1r/; ð3:6Þ
s13
s23
 
¼ BðrurgÞ þ k2r/; ð3:7Þ
m311
m312
m321
m322
8>><
>>:
9>>=
>>;
¼ Crrg; ð3:8Þ
D1
D2
 
¼ k1ruþ k2ðrurgÞ  vr/; ð3:9Þ
where A; k1, and v are the classical elastic, piezoelectric, and dielec-
tric constants, and B; k2, and C are the added material constants for
the micromorphic electroelastic theory.According to Eqs. (2.6), (2.7) and (2.11), the governing equations
for the anti-plane problems of piezoelectric materials based on the
micromorphic electroelastic theory can be written as
ðAþ BÞr2u Br2gþ ðk1 þ k2Þr2/ ¼ 0; ð3:10Þ
Cr2gþ Bu Bgþ k2/ ¼ 0; ð3:11Þ
ðk1 þ k2Þr2u k2r2g vr2/ ¼ 0; ð3:12Þ
where r2 is the two-dimensional Laplacian. With some algebraic
operations, Eqs. (3.10)–(3.12) can be decoupled into the following
forms
/ ¼ Cr2g Buþ Bg
 
=k2; ð3:13Þ
r2u ¼ B2r2g B3r2r2g
 
=B1; ð3:14Þ
ðA3B1  A1B3Þr2r2gþ ðA2B1  A1B2Þr2g ¼ 0: ð3:15Þ
In Eqs. (3.14) and (3.15),
A1 ¼ Aþ B k1 þ k2k2 B; A2 ¼
k1
k2
B; A3 ¼  k1 þ k2k2 C;
B1 ¼ k1 þ k2 þ vk2 B; B2 ¼  k2 þ
v
k2
B
 
; B3 ¼ vk2 C:
Eq. (3.15) can also be written as
r2r2g b2r2g ¼ 0; ð3:16Þ
where
b2 ¼ ðA2B1  A1B2ÞðA3B1  A1B3Þ : ð3:17Þ
It should be noticed that b is a parameter depending on the
electromechanical properties of the material and 1=b has the di-
mension of length. Accordingly, it is called the generalized charac-
teristic length and can be used to describe the size effect in
piezoelectric media with micro-defects in this paper. The charac-
teristic length parameters are also introduced in other higher-or-
der continuum theories. For instance, in the studies on the strain
gradient plasticity (Fleck et al., 1994; Xia and Hutchinson, 1996),
the length parameter lwas deﬁned as a single effective strain mea-
sure on the physical grounds. In the strain gradient elasticity the-
ory proposed by Lam et al. (2003), three additional intrinsic
length scale parameters, related to the dilatation gradient tensor,
the stretch gradient tensor and the rotation gradient tensor, re-
spectively, were introduced to describe the mechanical behavior
in microscopic scale. In this paper, the characteristic length is
Table 1
Material properties of PZT-4, BaTiO3, and PZT-PIC 151.
PZT-4 BaTiO3 PZT-PIC 151 Vacuum
AðPaÞ 25.6  109 44  109 20  109 0
k1ðC=m2Þ 13.44 11.4 12 0
vðC=VmÞ 6  109 9:87  109 9:82  109 8:85  1012
BðPaÞ 256  109 440  109 200  109 0
k2ðC=m2Þ 94.08 79.8 84 0
CðPa m2Þ 25.6 44 20 0
1=bðlmÞ 32.965 33.020 32.979 0
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ory, rather than by reference to some physical grounds. It isFig. 2. The distributions of (a) Er at h ¼ 0 and (b) Eh aobserved from Eq. (3.17) that the characteristic length covers not
only the mechanical properties, but also the electrical properties
of piezoelectric material.
Let
F ¼ r2g; ð3:18Þ
So Eq. (3.16) becomesr2F  b2F ¼ 0: ð3:19Þ
In a polar coordinate system deﬁned by x ¼ r cos h and y ¼ r sin h, by
separation of variables, the general solution to F periodic in h can be
given ast h ¼ 3p=2 in the radial direction for different R.
Fig. 3. The distributions of (a) trz at h ¼ 0 and (b) thz at h ¼ 3p=2 in the radial direction for different R.
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X1
n¼0
an cosnhþ bn sinnhð Þ cnInðbrÞ þ dnKnðbrÞ½ ; ð3:20Þ
where an; bn; cn and dn are undetermined constants, and In and Kn
are the ﬁrst- and second-kind of modiﬁed n-order Bessel functions.
Then, from Eq. (3.18), the general solution to g is
g¼ a0 g0 þ h0 ln rþ
c0
b2
I0ðbrÞ þ d0
b2
K0ðbrÞ
 	
þ
X1
n¼1
an cosnhþ bn sinnhð Þ gnrn þ hnrn þ
cn
b2
InðbrÞ þ dn
b2
KnðbrÞ
 	
;
ð3:21Þwhere gn and hn are undetermined constants. Once g is known, u
can be given from Eq. (3.14) by
u ¼ a0 l0 þ p0 ln r 
c0 B2 þ B3b2

 
B1b
2 I0ðbrÞ 
d0 B2 þ B3b2

 
B1b
2 K0ðbrÞ
" #
þ
X1
n¼1
an cosnhþ bn sinnhð Þ lnrn þ pnrn 
cn B2 þ B3b2

 
B1b
2 InðbrÞ
"
 dn B2 þ B3b
2
 
B1b
2 KnðbrÞ
#
ð3:22Þ
and / is given from Eq. (3.13) by
Fig. 4. The distributions of (a) srz at h ¼ 0 and (b) shz at h ¼ 3p=2 in the radial direction for different R.
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B
k2
h0  p0ð Þ ln r

þ B B1 þ B2 þ B3b
2
 
k2B1b
2 
C
k2
 !
c0I0ðbrÞ
þ B B1 þ B2 þ B3b
2
 
k2B1b
2 
C
k2
 !
d0K0ðbrÞ
#
þ
X1
n¼1
an cosnhþ bn sinnhð Þ Bk2 gn  lnð Þr
n

þ B
k2
hn  pnð Þrn
þ B B1 þ B2 þ B3b
2
 
k2B1b
2 
C
k2
 !
cnInðbrÞ
þ B B1 þ B2 þ B3b
2
 
k2B1b
2 
C
k2
 !
dnKnðbrÞ
#
; ð3:23Þwhere ln and pn are undetermined constants. With Eqs. (3.21)–
(3.23), the ﬁeld equations can automatically be satisﬁed, and when
the undetermined constants are determined according to boundary
conditions of problems, the boundary conditions are also able to be
automatically satisﬁed.
In addition, it should be pointed out that the assumption of mi-
crodeformation as the gradient of a scalar ﬁeld gðx; yÞ is the pre-
condition of the above exact solution to the antiplane problems.
Accordingly, for other micromorphic problems, such as the case
that the microdeformation components are equal, the given solu-
tion is not appropriate.
4. Numerical examples
In this section, the above formulations of the anti-plane pro-
blems for piezoelectric materials based on the micromorphic elec-
troelastic theory are applied to solve the problems of a micro-void
Fig. 5. The distributions of (a) mrrz at h ¼ 0, (b) mrhz at h ¼ 3p=2, and (c) mhhz at h ¼ 0, in the radial direction for different R.
W. Cao et al. / International Journal of Solids and Structures 49 (2012) 3185–3200 3191and micro-inclusion with radius R embedded in an inﬁnite piezo-
electric matrix, respectively. Section 4.1 is devoted to theanti-plane problem of an inﬁnite piezoelectric body containing a
micro-void and Section 4.2 to the micro-inclusion problem.
Fig. 6. An inﬁnitely extended circular piezoelectric inclusion embedded in a
piezoelectric matrix under uniform remote anti-plane shear strain and in-plane
electric ﬁeld.
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As shown in Fig. 1, an inﬁnitely extended cylindrical micro-void
with circular cross section of radius R in an unbounded piezoelec-
tric matrix is considered. The material is poled along the z-direc-
tion and is subjected to the far-ﬁeld anti-plane shear strain
e13 ¼ S0 and in-plane electric ﬁeld E1 ¼ E0. The matrix is made of
PZT-4 with the material properties given in Table 1. The classical
parameters A ¼ c44; k1 ¼ e15, and v ¼ k11 are Lam et al. (2003)
and Yang et al. (2005). The introduced micromorphic coefﬁcients
B; k2, and C are given artiﬁcially for the present study by referring
to the other researches on higher-order continuum theories (Dil-
lard et al., 2006; Fleck et al., 1994; Li and Xie, 2004; Nakamura
and Lakes, 1995). Substituting the given material constants into
Eq. (3.17), the generalized characteristic length 1=b at the order
of micron can be gotten.
Based on the formulations in Section 3, the pertinent ﬁeld solu-
tions in the piezoelectric matrix and the circular micro-void can be
obtained.
gðMÞ ¼ g1r þ
h1
r
þ d1
b2
K1ðbrÞ
 	
cos h; ð4:1Þ
uðMÞ ¼ l1r þ p1r þ a1d1K1ðbrÞ
h i
cos h; ð4:2Þ
/ðMÞ ¼ B
k2
g1  l1ð Þr þ
B
k2
h1  p1ð Þ
1
r
þ a2d1K1ðbrÞ
 	
cos h; ð4:3Þ
gðVÞ ¼ 0; ð4:4Þ
uðVÞ ¼ 0; ð4:5Þ
/ðVÞ ¼ m1r cos h; ð4:6Þ
where
a1 ¼ B2 þ B3b
2
B1b
2 ; a2 ¼
B B1 þ B2 þ B3b2

 
k2B1b
2 
C
k2
 !
:
The superscripts M and V denote the matrix and the void respec-
tively. g1; h1; d1; l1; p1, and m1 are undetermined coefﬁcients
which need to be solved at certain boundary conditions. In view
of Eqs. (3.2)–(3.9), the expressions of the non-vanishing compo-
nents of eij; eijcijkEitij; sij; mkij, and Di can be gotten (See Appendix
A).
From Eqs. (2.8), (2.9) and (2.12), we have the following electric
continuity conditions at the interface r ¼ R,
/ðRÞ ¼ /ðRþÞ; ð4:7Þ
DrðRÞ ¼ DrðRþÞ ð4:8Þ
and the mechanical boundary conditions on the void edge
mrrzðRþÞ ¼ 0; ð4:9Þ
trz þ srzð ÞjRþ ¼ 0: ð4:10Þ
Moreover, as r !1,
e13 ¼ S0; ð4:11Þ
E1 ¼ E0: ð4:12Þ
By means of the above conditions, the unknown coefﬁcients in Eqs.
(4.1)–(4.6) can be calculated.
For the far-ﬁeld electromechanical conditions of S0 ¼ 0:02 and
E0 ¼ 106V=m, the variations of the electro-mechanical ﬁelds E, t,s, and m with the non-dimensional coordinate r=R are plotted in
Figs. 2–5 when the void radius R ¼ 1=b;2=b and 5=b, respectively.
It is seen that the electromechanical ﬁelds depend not only on var-
ious material properties, but also on the void radius R. This is quite
different from the result obtained by the classical electro-elastic
theory. Their difference is very considerable when R is approximate
or equal to the generalized characteristic length 1=b, and decreases
and even diminishes with the increasing void radius. From the
curves of the electric ﬁeld versus r=R shown in Fig. 2, it is clearly
found that there is an electric ﬁeld concentration at the edge of
the void and the concentration decreases with the increasing void
radius. Moreover, when R is large, the electric ﬁeld distribution
tends to coincide with that predicted by the classical theory.
The variations of stress components trz along the x-axis ðh ¼ 0Þ
and thz along the negative y-axis ðh ¼ 3p=2Þ with r=R are shown in
Fig. 3. It is apparent that trz is discontinuous at the void edge,
although the classical theory predicts it continuous. And the jump
of trz at the void edge decreases with the increasing void radius. In
addition, from the dependence of thz on R shown in Fig. 3(b), it can
be concluded that stress concentration is not obvious when R is
small.
The relative stress components srz along h ¼ 0 and shz along
h ¼ 3p=2 are drawn in Fig. 4. It is found that the relative stress con-
centration also takes place near the void edge. But the relative
stress concentration becomes less when the void enlarges, which
is obviously different from the stress concentration.
The curves of hyperstress components mrrz; mrhz, and mhhz with
r=R are shown in Fig. 5. It is apparent that mrhz and mhhz at the void
edge are maximum, but the peak value of mrrz appears in the ma-
trix near the void edge.4.2. A circular piezoelectric micro-inclusion in an inﬁnite piezoelectric
medium
In this section, an inﬁnitely extended cylindrical piezoelectric
inclusion with cross section radius of R in an unbounded piezoelec-
tric matrix is considered, as plotted in Fig. 6. Both the matrix and
the inclusion are poled along the z-direction. The applied electro-
mechanical loadings follow the assumptions presented in Section
4.1. According to the formulations in Section 3, the pertinent ﬁeld
solutions in the matrix and the circular inclusion are given bygðMÞ ¼ g1r þ
h1
r
þ d1
bðMÞ2
K1ðbðMÞrÞ
 	
cos h; ð4:13Þ
uðMÞ ¼ l1r þ p1r þ a
ðMÞ
1 d1K1ðbðMÞrÞ
h i
cos h; ð4:14Þ
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ðMÞ
kðMÞ2
g1  l1ð Þr þ
BðMÞ
kðMÞ2
h1  p1ð Þ
1
r
þ aðMÞ2 d1K1ðbðMÞrÞ
" #
cos h;
ð4:15Þ
gðIÞ ¼ g1r þ c1
bðIÞ2
I1ðbðIÞrÞ
 	
cos h; ð4:16Þ
uðIÞ ¼ l1r þ aðIÞ1 c1I1ðbðIÞrÞ
h i
cos h; ð4:17ÞFig. 7. The distributions of (a) Er at h ¼ 0 and (b) Eh at h ¼ 3p=2 in th/ðIÞ ¼ B
ðIÞ
kðIÞ2
g1 l1

 
r þ aðIÞ2 c1I1ðbðIÞrÞ
" #
cos h; ð4:18Þ
where
aðiÞ1 ¼ 
BðiÞ2 þ BðiÞ3 bðiÞ2
BðiÞ1 b
ðiÞ2 ;
aðiÞ2 ¼
BðiÞ BðiÞ1 þ BðiÞ2 þ BðiÞ3 bðiÞ2
 
kðiÞ2 B
ðiÞ
1 b
ðiÞ2 
CðiÞ
kðiÞ2
0
@
1
A; ði ¼ M and IÞ:e radial direction for BaTiO3inclusion embedded in PZT-4 matrix.
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spectively. g1; h1; d1; l1; p1; g1; l1, and c1 are undetermined coef-
ﬁcients which need to be solved in certain boundary conditions. The
expressions of non-vanishing components of eij; eij; cijk; Ei;
tij; sij; mkij, and Di are given in Appendix B.
The continuity conditions at the matrix/inclusion interface
r ¼ R are expressed as
uðRÞ ¼ uðRþÞ; ð4:19ÞFig. 8. The distributions of (a) trz at h ¼ 0 and (b) thz at h ¼ 3p=2 in th/rzðRÞ ¼ /rzðRþÞ; ð4:20Þ
/ðRÞ ¼ /ðRþÞ; ð4:21Þ
DrðRÞ ¼ DrðRþÞ; ð4:22Þ
mrrzðRÞ ¼ mrrzðRþÞ; ð4:23Þe radial direction for BaTiO3inclusion embedded in PZT-4 matrix.
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Additionally, in the remote boundary of r !1,
e13 ¼ S0; ð4:25Þ
E1 ¼ E0: ð4:26Þ
The unknown coefﬁcients in Eqs. (4.13)–(4.18) can be calculated
with the above conditions. Considering the limits of material prop-Fig. 9. The distributions of (a) Er at h ¼ 0 and (b) Eh at h ¼ 3p=2 in the raerties to the matrix-inclusion solutions, the stress and electric ﬁelds
in the following cases can be discussed.
At ﬁrst, BaTiO3 and PZT-PIC 151 are considered as inclusions
embedded into PZT-4 matrix. Their material properties are listed
in Table 1. For the far-ﬁeld loads of S0 ¼ 0:02 and E0 ¼ 106V=m,
the electromechanical ﬁelds are plotted in Figs. 7–10 when
R ¼ 1=b;2=b and 5=b, respectively. It is seen from these ﬁgures
that the electromechanical distributions in the piezoelectric body
with BaTiO3 inclusion are different from those in the solid withdial direction for PZT-PIC 151 inclusion embedded in PZT-4 matrix.
Fig. 10. The distributions of (a) trz at h ¼ 0 and (b) thz at h ¼ 3p=2 in the radial direction for PZT-PIC 151 inclusion embedded in PZT-4 matrix.
3196 W. Cao et al. / International Journal of Solids and Structures 49 (2012) 3185–3200PZT-PIC 151 inclusion. For BaTiO3 inclusion, Er at h ¼ 0 inside the
inclusion becomes greater when R is larger, but Er outside the
inclusion has a reversed trend, as shown in Fig. 7(a). Different
from Er ; Eh at h ¼ 3p=2 in the inclusion and the matrix increases
when R increases, as shown in Fig. 7(b). Compared to the electric
ﬁeld, the effect of R on the stress ﬁeld is quite complex. The larger
R is, the smaller trz in the inclusion is but the greater trz in the ma-
trix is, and the smaller thz both in the inclusion and the matrix is.
However, it can be found from Figs. 9 and 10 that the effect laws ofR on the electric ﬁeld and the stress for PZT-PIC 151 inclusion are
completely different from the above laws for BaTiO3 inclusion.
This possibly is because their piezoelectric constants have
opposite signs: positive for BaTiO3 but negative for PZT-PIC 151.
It is worthwhile to mention that, according to Figs. 7 and 9, the
stress and electric ﬁelds in the inclusion are no longer uniform
when the microdeformation is considered. This phenomenon is
not consistent with the results given by the classical theory (Pak,
1992).
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anti-plane piezoelectric problems at micro scale, some parameters
of the inclusion-matrix are considered to be adjustable. The
far-ﬁeld conditions are ﬁxed at S0 ¼ 0:02 and E0 ¼ 106V=m. First,
let kM1 ¼ kI1 ¼ 13:44C=m2; vM ¼ vI ¼ 6 109C=Vm; BM ¼ BI ¼ 256
109Pa; kM2 ¼ kI2 ¼ 94:08C=m2; CM ¼ CI ¼ 25:6Pa m2, and AM ¼
25:6 109Pa. The electric ﬁeld distributions at R=1=b for various
elastic constant ratios AI=AM are drawn in Fig. 11. It is shown thatFig. 11. The distributions of (a) Er at h ¼ 0 and (b) Eh at h ¼ 3p=2 ithe electric ﬁeld in the inclusion is higher than that in the matrix
when the inclusion is stiffer than the matrix, i.e. AI > AM , and vice
versa.
Then, let AM ¼ AI ¼ 25:6 109Pa; vM ¼ vI ¼ 6 109C=Vm; BM
¼ BI ¼ 256 109Pa; kM2 ¼ kI2 ¼ 94:08C=m2; CM ¼ CI ¼ 25:6Pa m2,
and kI1 ¼ 13:44C=m2. In this case, the variations of electric ﬁeld Er
at the point of h ¼ 0 and r ¼ R(namely just in the inclusion very
near to the interface) with the piezoelectric constant ratio kM1 =k
I
1n the radial direction for various elastic constant ratios AI=AM .
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apparent that the curves can be divided into three parts. In the
interval of 2<kM1 =kI1<5, Er seems insensitive to the inclusion radius
R. However, Er decreases when kM1 =k
I
1>5 but increases when
kM1 =k
I
1<-2 with increasing R. This indicates remarkable size effect
of the electric ﬁeld. Fig. 13 gives the variations of stress trz at the
point of h ¼ 0 and r ¼ R with the piezoelectric constant ratio
kM1 =k
I
1 for R=1=b;4=b, and 8=b, respectively. It is found that the
effect of R on the stress is similar to that on the electric ﬁeld. When
1.5<kM1 =kI1<3.5, trz is insensitive to R. However, trz decreases when
kM1 =k
I
1>3.5 but increases when k
M
1 =k
I
1<-1.5 with increasing R.
At last, let AM ¼ AI ¼ 25:6 109Pa; kM1 ¼ kI1 ¼ 13:44C=m2; BM ¼
BI ¼ 256 109Pa;kM2 ¼ kI2 ¼ 94:08C=m2;CM ¼ CI ¼ 25:6Pa m2, and
vI ¼ 6 109C=Vm. The variations of electric ﬁeld Er at the pointFig. 12. The variations of Er at the point of h ¼ 0 and r ¼ R (just inside t
Fig. 13. The variations of trz at the point of h ¼ 0 and r ¼ R (just inside thof h ¼ 0 and r ¼ R with the dielectric constant ratio vM=vI is plot-
ted in Fig. 14 for R=1=b;4=b, and 8=b, respectively. Apparently,
whatever vM=vI is, Er seems insensitive to R.5. Conclusions
The micromorphic electroelastic theory is used to solve the
anti-plane problems of an inﬁnite piezoelectric medium containing
a circular micro-void and piezoelectric micro-inclusion. It is found
that both the relative deformation and the microdeformation gra-
dient have important effects on the solutions. In the case of an in-
ﬁnite piezoelectric medium containing a circular micro-void, the
obtained results show that the stress and electric ﬁelds become de-he inclusion) with the dielectric constant ratio vM=vI for different R.
e inclusion) with the piezoelectric constant ratio kM1 =k
I
1 for different R.
Fig. 14. The variations of Er at the point of h ¼ 0 and r ¼ R (just inside the inclusion) with the dielectric constant ratio vM=vI for different R.
W. Cao et al. / International Journal of Solids and Structures 49 (2012) 3185–3200 3199pendent on the radius of micro-void, which cannot be explained by
the classical theory. Stress component trz is discontinuous at the
void edge, although the classical theory predicts it continuous.
Both the relative stress components and the hyperstress compo-
nents are also affected by the radius of micro-void. In the case of
an inﬁnite piezoelectric medium containing a piezoelectric mi-
cro-inclusion, the effects of the piezoelectric material parameters
on the distributions of stress and electric ﬁeld are investigated. Dif-
ferent inclusion materials result in different effect laws of R on the
stress and electric ﬁelds. The effects of inclusion-matrix elastic
constant ratios and piezoelectric constant ratios on the stress and
electric ﬁelds become size-dependent. However, the dielectric con-
stant ratios are size-independent. Accordingly, the micromorphic
electroelastic theory can be used for the explanation of size effect
at micro scale.
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Appendix A. Pertinent expressions in the problem of an inﬁnite
piezoelectric medium with a circular micro-void
The non-vanishing components of eij; eijcijkEitij; sij; mkij, and Di
in the piezoelectric matrix are given by
erz ¼ l1  p1r2  a1bd1 K0ðbrÞ þ K1ðbrÞbr
h in o
cos h;
ehz ¼  l1 þ p1r2 þ a1 d1r K1ðbrÞ
h i
sin h;
8><
>: ðA:1Þ
erz ¼ l1  g1ð Þ þ h1r2  p1r2
 
þ d1b  a1bd1
 
K0ðbrÞ þ K1ðbrÞbr
h in o
cos h;
ehz ¼ g1  l1ð Þ þ h1r2  p1r2
 
þ d1
b2r
 a1 d1r
 
K1ðbrÞ
h i
sin h;
8><
>:
ðA:2Þcrrz ¼ 2h1r3 þ d1K1ðbrÞ þ d1K0ðbrÞbr þ 2d1K1ðbrÞb2r2
n o
cos h;
crhz ¼ 2h1r3 þ d1K0ðbrÞbr þ 2d1K1ðbrÞb2r2
h i
sin h;
chhz ¼  d1br K0ðbrÞ þ 2K1ðbrÞbr
h i
cos h;
8>>><
>>:
ðA:3Þ
Er ¼ Bk2 l1  g1ð Þ þ Bk2 h1  p1ð Þ 1r2 þ a2bd1 K0ðbrÞ þ
K1ðbrÞ
br
 h i
cos h;
Eh ¼ Bk2 g1  l1ð Þ þ Bk2 h1  p1ð Þ 1r2 þ
a2d1
r K1ðbrÞ
h i
sin h;
8><
>:
ðA:4Þ
trz ¼ Al1  k1Bk2 l1  g1ð Þ 
Ap1
r2  k1Bk2 h1  p1ð Þ 1r2
n
 Aa1bd1 þ k1a2bd1ð Þ K0ðbrÞ þ K1ðbrÞbr
h io
cos h;
thz ¼ Al1  k1Bk2 g1  l1ð Þ 
Ap1
r2  k1Bk2 h1  p1ð Þ 1r2
h
 Aa1 d1r þ k1a2d1r
 
K1ðbrÞ
i
sin h;
8>>>>><
>>>>>:
ðA:5Þ
srz ¼ Bd1b  Ba1bd1  k2a2bd1
 
K0ðbrÞ þ K1ðbrÞbr
h i
cos h;
shz ¼ Bd1b2r  a1
Bd1
r  k2a2d1r
 
K1ðbrÞ sin h;
8><
>: ðA:6Þ
mrrz ¼ C 2h1r3 þ d1K1ðbrÞ þ d1K0ðbrÞbr þ 2d1K1ðbrÞb2r2
n o
cos h;
mrhz ¼ C 2h1r3 þ d1br K0ðbrÞ þ 2d1b2r2 K1ðbrÞ
h i
sin h;
mhhz ¼ C d1br K0ðbrÞ þ 2K1ðbrÞbr
h i
cos h;
8>>><
>>:
ðA:7Þ
Dr¼ k1l1þk2 l1g1ð ÞþvBk2 l1g1ð Þ
k1p1
r2 þk2 h1r2 p1r2
 
þvBk2 h1p1ð Þ 1r2
n
þ k2d1b k2a1bd1k1a1bd1þva2bd1
 
K0ðbrÞþK1ðbrÞbr
h io
cosh;
Dh¼ k2 g1 l1ð Þk1l1þvBk2 g1 l1ð Þ
k1p1
r2 þ k2h1r2  k2p1r2
 
þvBk2 h1p1ð Þ 1r2
h
þ k2d1
b2r
k2a1 d1r k1a1 d1r þva2d1r
 
K1ðbrÞ
i
sinh:
8>>>>><
>>>>:
ðA:8Þ
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the circular void are given by
erz ¼ 0; ehz ¼ 0; ðA:9Þ
erz ¼ 0; ehz ¼ 0; ðA:10Þ
crrz ¼ 0; crhz ¼ 0; chhz ¼ 0; ðA:11Þ
Er ¼ m1 cos h; Eh ¼ m1 sin h ðA:12Þ
trz ¼ k1m1 cos h; thz ¼ k1m1 sin h; ðA:13Þ
srz ¼ k2m1 cos h; shz ¼ k2m1 sin h; ðA:14Þ
mrrz ¼ 0; mrhz ¼ 0; mhhz ¼ 0; ðA:15Þ
Dr ¼ vm1 cos h; Dh ¼ vm1 sin h: ðA:16ÞAppendix B. Pertinent expressions in the problem of an inﬁnite
piezoelectric medium with a circular micro-inclusion
The non-vanishing components of eij; eij cijk Eitij; sij; mkij, and Di
in the piezoelectric matrix are also obtained from Eqs. (A.1)–(A.8),
while those in the inclusion are given by
erz ¼ l1 þ a^1c1b^ I0ðb^rÞ  I1ðb^rÞb^r
 h i
cos h;
ehz ¼  l1 þ a^1c1r I1ðb^rÞ
h i
sin h;
8><
>: ðB:1Þ
erz ¼ l1  g1

 þ a^1c1b^ c1b^
 
I0ðb^rÞ  I1ðb^rÞb^r
 h i
cos h;
ehz ¼ g1 l1

 þ c1
b^2r
 a^1c1r
 
I1ðb^rÞ
h i
sin h;
8><
>: ðB:2Þ
crrz ¼ c1 I1ðb^rÞ  I0ðb^rÞb^r þ
2I1ðb^rÞ
b^2r2
h i
cos h;
crhz ¼  c1b^r I0ðb^rÞ 
2I1ðb^rÞ
b^r
 
sin h;
chhz ¼ c1b^r I0ðb^rÞ 
2I1ðb^rÞ
b^r
 
cos h;
8>><
>>>:
ðB:3Þ
Er ¼  B^k^2 g1 
l1

 þ a^2c1b^ I0ðb^rÞ  I1ðb^rÞb^r
 h i
cos h;
Eh ¼ B^k^2 g1 
l1

 þ a^2c1r I1ðb^rÞh i sin h;
8><
>: ðB:4Þ
trz¼ A^l1þ k1B^k^2 g1
l1

 þ A^a^1c1b^þ k^1a^2c1b^  I0ðb^rÞ I1ðb^rÞb^r
 h i
cosh;
thz¼ A^l1þ k1 B^k^2 g1
l1

 þ A^a^1c1r þ k^1 a^2c1r I1ðb^rÞh isinh;
8><
>:
ðB:5Þ
srz ¼ B^a^1c1b^ B^c1b^ þ k^2a^2c1b^
 
I0ðb^rÞ  I1ðb^rÞb^r
 
cos h;
shz ¼ B^c1b^2r 
B^a^1c1
r  k^2a^2c1r
 
I1ðb^rÞ sin h;
8><
>: ðB:6Þ
mrrz ¼ Cc1 I1ðb^rÞ  I0ðb^rÞb^r þ
2I1ðb^rÞ
b^2r2
h i
cos h;
mrhz ¼ C c1b^r I0ðb^rÞ 
2I1ðb^rÞ
b^r
 
sin h;
mhhz ¼ C c1b^r I0ðb^rÞ 
2I1ðb^rÞ
b^r
 
cos h;
8>><
>>>:
ðB:7ÞDr ¼ k^1l1 þ k^2 l1  g1

  v^B^
k^2
g1 l1

 h
þ k^1a^1c1b^þ k^2a^1c1b^ k^2c1b^  v^a^2c1b^
 
I0ðb^rÞ  I1ðb^rÞb^r
 i
cos h;
Dh ¼ k^1l1 þ k^2 g1 l1

 þ v^B^
k^2
g1 l1

 h
þ k^2c1
b^2r
 k^2a^1c1r  k^1 a^1c1r þ v^a^2c1r
 
I1ðb^rÞ
i
sin h:
8>>>>><
>>>>:
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